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Abstract. In this paper we establish some sophisticated congruences in-
volving central binomial coefficients and Fibonacci numbers. For example,
we show that if p 6= 2, 5 is a prime then
p−1X
k=0
F2k
“2k
k
”
≡ (−1)⌊p/5⌋
“
1−
“p
5
””
(mod p2)
and
p−1X
k=0
F2k+1
“2k
k
”
≡ (−1)⌊p/5⌋
“p
5
”
(mod p2).
We also obtain similar results for some other second-order recurrences and
raise several conjectures.
1. Introduction
The well-known Fibonacci sequence {Fn}n>0 is defined as follows:
F0 = 0, F1 = 1, and Fn+1 = Fn + Fn−1 (n ∈ Z+ = {1, 2, 3, . . .}).
It plays important roles in many fields of mathematics (see, e.g., [GKP,
pp. 290-301]).
It is known that for any odd prime p we have
Fp ≡
(p
5
)
(mod p) and Fp−( p
5
) ≡ 0 (mod p),
where (−) is the Jacobi symbol. (See, e.g., [R].)
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For an odd prime p and an integerm 6≡ 0 (mod p), the sum∑p−1k=0 (2kk )/mk
and related sums modulo p or p2 have been investigated in [PS], [ST1],
[ST2] and [S09a-S09g].
In this paper we establish some congruences involving central binomial
coefficients and Fibonacci numbers which are of a new type and seem very
curious and sophisticated.
Now we state the main results of this paper.
Theorem 1.1. Let p 6= 2, 5 be a prime. Then
p−1∑
k=0
F2k
(
2k
k
)
≡ (−1)⌊p/5⌋
(
1−
(p
5
))
(mod p2)
and
p−1∑
k=0
F2k+1
(
2k
k
)
≡ (−1)⌊p/5⌋
(p
5
)
(mod p2).
Also,
(p−1)/2∑
k=0
F2k
16k
(
2k
k
)
≡ (−1)(p−1)/2+⌊p/5⌋ (mod p2)
and
(p−1)/2∑
k=0
F2k+1
16k
(
2k
k
)
≡ (−1)(p−1)/2+⌊p/5⌋ 5 + (
p
5 )
4
(mod p2).
Remark. There is no difficulty to extend Theorem 1.1 to its prime power
version (replacing p in both sides of the congruences in Theorem 1.1 by
pa with a ∈ Z+). We can also prove the following result for any prime
p 6= 2, 5 which can be viewed as a supplement to Theorem 1.1.
p−1∑
k=0
F2k
(
2k
k + 1
)
≡


0 (mod p) if p ≡ 1 (mod 5),
1 (mod p) if p ≡ −1 (mod 5),
−2 (mod p) if p ≡ −2 (mod 5),
−3 (mod p) if p ≡ 2 (mod 5);
and
p−1∑
k=0
F2k+1
(
2k
k + 1
)
≡


0 (mod p) if p ≡ 1 (mod 5),
1 (mod p) if p ≡ −1,−2 (mod 5),
2 (mod p) if p ≡ 2 (mod 5).
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Note that if p is an odd prime and k ∈ {(p− 1)/2, . . . , p− 1} then p | (2kk )
by Lucas’ congruence (cf. [St, p.44]).
Let A,B ∈ Z and N = {0, 1, 2, . . .}. Define the Lucas sequences un =
un(A,B) (n ∈ N) and vn = vn(A,B) (n ∈ N) as follows:
u0 = 0, u1 = 1, and un+1 = Aun −Bun−1 (n = 1, 2, 3, . . . );
v0 = 0, v1 = 1, and vn+1 = Avn −Bvn−1 (n = 1, 2, 3, . . . ).
The sequence {un}n>0 is a natural generalization of the Fibonacci se-
quence, and {vn}n>0 is called the companion sequence of {un}n>0. The
characteristic equation x2 − Ax + B = 0 of the sequences {un}n>0 and
{vn}n>0 has two roots
α =
A+
√
∆
2
and β =
A+
√
∆
2
,
where ∆ = A2 − 4B. It is well known that for any n ∈ N we have
Aun + vn = 2un+1, (α− β)un = αn − βn and vn = αn + βn.
For convenience, we also define the sequences {un(x, y)}n>0 and {vn(x, y)}n>0
of polynomials as follows:
u0(x, y) = 0, u1(x, y) = 1, and un+1(x, y) = xun(x, y)−yun−1(x, y) (n ∈ Z+);
v0(x, y) = 0, v1(x, y) = 1, and vn+1(x, y) = xvn(x, y)−yvn−1(x, y) (n ∈ Z+).
Note that Fn = un(1,−1). Those numbers Ln = vn(1,−1) = 2Fn+1 −
Fn are called Lucas numbers. For n ∈ N we also have
un(5, 5) =
1√
5
((
5 +
√
5
2
)n
−
(
5−√5
2
)n)
=
√
5
n−1
((
1 +
√
5
2
)n
− (−1)n
(
1−√5
2
)n)
=
{
5n/2Fn if 2 | n,
5(n−1)/2Ln if 2 ∤ n.
and
vn(5, 5) =
(
5 +
√
5
2
)n
+
(
5−√5
2
)n
=
√
5
n
((
1 +
√
5
2
)n
+ (−1)n
(
1−√5
2
)n)
=
{
5n/2Ln if 2 | n,
5(n+1)/2Fn if 2 ∤ n.
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Theorem 1.2. Let p 6= 2, 5 be a prime. Then
p−1∑
k=0
uk(5, 5)
5k
(
2k
k
)
≡ (−1)⌊p/5⌋
((p
5
)
− 1
)
(mod p2)
and
p−1∑
k=0
uk+1(5, 5)
5k
(
2k
k
)
≡ (−1)⌊p/5⌋
(
2
(p
5
)
− 1
)
(mod p2).
Also,
(p−1)/2∑
k=0
uk(5, 5)
16k
(
2k
k
)
≡ 5(
p
5 )− 1
2
(mod p2)
and
(p−1)/2∑
k=0
vk(5, 5)
16k
(
2k
k
)
≡ (
p
5 )− 1
2
(mod p2).
Define the sequences {Sn}n>0 and {Tn}n>0 as follows:
S0 = 0, S1 = 1, and Sn+1 = 4Sn − Sn−1 (n = 1, 2, 3, . . . );
T0 = 2, T1 = 4, and Tn+1 = 4Tn − Tn−1 (n = 1, 2, 3, . . . ).
Note that Sn = un(4, 1) and Tn = vn(4, 1). These two sequences are also
useful; see, e.g., [Sl] and [S02].
Theorem 1.3. Let p > 3 be a prime. Then
p−1∑
k=0
Sk
(
2k
k
)
≡ 2
((p
3
)
−
(−1
p
))
(mod p2)
and
p−1∑
k=0
Sk+1
(
2k
k
)
≡
(p
3
)
(mod p2).
Also,
(p−1)/2∑
k=0
Sk
16k
(
2k
k
)
≡
( 6p )− ( 2p )
2
(mod p2)
and
(p−1)/2∑
k=0
Tk
16k
(
2k
k
)
≡ 3
(
6
p
)
−
(
2
p
)
(mod p2).
The Pell sequence {Pn}n>0 and its companion {Qn}n>0 are given by
Pn = un(2,−1) and Qn = vn(2, 1). For n ∈ N we can easily see that
un(4, 2) =
{
2n/2Pn if 2 | n,
2(n−3)/2Qn if 2 ∤ n,
and vn(4, 2) =
{
2n/2Qn if 2 | n,
2(n+3)/2Pn if 2 ∤ n.
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Theorem 1.4. Let p be an odd prime. Then
p−1∑
k=0
uk(4, 2)
2k
(
2k
k
)
≡
(−1
p
)
−
(−2
p
)
(mod p2)
and
p−1∑
k=0
uk+1(4, 2)
2k
(
2k
k
)
≡
(−1
p
)
(mod p2).
Also,
(p−1)/2∑
k=0
uk(4, 2)
16k
(
2k
k
)
≡ (−1)
⌊(p−4)/8⌋
2
(
1−
(
2
p
))
(mod p2)
and
(p−1)/2∑
k=0
vk(4, 2)
16k
(
2k
k
)
≡ 2(−1)⌊p/8⌋
(−1
p
)
(mod p2).
We will present several lemmas in Section 2 and prove Theorems 1.1-1.4
in Section 3. The last section contains several open conjectures.
A key point in our proofs is the use of Chebyshev polynomials. Recall
that the Chebyshev polynomials of the second kind are given by
Un(cos θ) =
sin(n+ 1)θ
sin θ
(n = 0, 1, 2, . . . ).
2. Some lemmas
Lemma 2.1. Let p be any prime and let α be an algebraic integer. Then
p−1∑
k=0
(
2k
k
)
αp−1−k ≡ 2up(α, α)− up(α− 2, 1) (mod p2).
Proof. In view of [ST2, Theorem 2.1],
p−1∑
k=0
(
2k
k
)
αp−1−k =
p−1∑
k=0
(
2p
k
)
up−k(α− 2, 1).
For k ∈ {1, . . . , p− 1}, we clearly have
(
2p
k
)(
p
k
) = k−1∏
j=0
2p− j
p− j ≡ 2 (mod p)
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and hence (
2p
k
)
≡ 2
(
p
k
)
(mod p2)
since p | (pk). Therefore
p−1∑
k=0
(
2k
k
)
αp−1−k + up(α− 2, 1)
=
p−1∑
k=1
(
2p
k
)
up−k(α− 2, 1) + 2up(α− 2, 1)
≡2
p∑
k=0
(
p
k
)
up−k(α− 2, 1) = 2
p∑
j=0
(
p
j
)
uj(α− 2, 1) (mod p2).
Now it remains to show that
p∑
j=0
(
p
j
)
uj(α− 2, 1) = up(α, α).
Recall that
uk(x, 1) =
1√
x2 − 4
((
x+
√
x2 − 4
2
)k
−
(
x−√x2 − 4
2
)k)
for all k ∈ N.
So we have
p∑
k=0
(
p
k
)
uk(x, 1) =
1√
x2 − 4
((
x+ 2 +
√
x2 − 4
2
)p
−
(
x+ 2−√x2 − 4
2
)p)
=up(x+ 2, x+ 2).
This concludes the proof. 
Lemma 2.2. For any n ∈ N we have
un+1(x, 1) = Un
(x
2
)
.
Proof. It is well known that
un+1(x, y) =
⌊n/2⌋∑
k=0
(
n− k
k
)
xn−2k(−y)k
and
Un(x) =
⌊n/2⌋∑
k=0
(
n− k
k
)
(−1)k(2x)n−2k.
So the desired equality follows. 
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Lemma 2.3. Let p be a prime and let α ∈ {(1 ± √5)/2}. If α = (1 +√
5)/2, then
p−1∑
k=0
(
2k
k
)
α2k ≡ 2αp−1 sin(2ppi/5)
sin(2pi/5)
− α2p−2 sin(ppi/5)
sin(pi/5)
(mod p2).
If α = (1−√5)/2, then
p−1∑
k=0
(
2k
k
)
α2k ≡ 2αp−1 sin(ppi/5)
sin(pi/5)
− α2p−2 sin(2ppi/5)
sin(2pi/5)
(mod p2).
Proof. Set β = 1 − α = −α−1. Then {α, β} = {(1 ± √5)/2}. With the
help of Lemma 2.1,
p−1∑
k=0
(
2k
k
)
α2k =α2p−2
p−1∑
k=0
(
2k
k
)
(−α−1)2p−2−2k
=α2p−2
p−1∑
k=0
(
2k
k
)
(β2)p−1−k
≡α2p−2 (2up(β2, β2)− up(β2 − 2, 1)) (mod p2).
By Lemma 2.3,
up(β
2 − 2, 1) = up(β − 1, 1) = up(−α, 1) = Up−1
(−α
2
)
= Up−1
(α
2
)
.
Note also that
up(β
2, β2) =
(p−1)/2∑
k=0
(
p− 1− k
k
)
(β2)p−1−2k(−β2)k
=βp−1
(p−1)/2∑
k=0
(
p− 1− k
k
)
(−1)kβp−1−2k = βp−1Up−1
(
β
2
)
.
Therefore
α2p−2
(
2up(β
2, β2)− up(β2 − 2, 1)
)
=2αp−1(αβ)p−1Up−1
(
β
2
)
− α2p−2Up−1
(α
2
)
=2αp−1Up−1
(
β
2
)
− α2p−2Up−1
(α
2
)
.
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Observe that
Up−1
(
1 +
√
5
4
)
= Up−1
(
cos
pi
5
)
=
sin(ppi/5)
sin(pi/5)
and
Up−1
(
1−√5
4
)
= Up−1
(√
5− 1
4
)
= Up−1
(
cos
2pi
5
)
=
sin(2ppi/5)
sin(2pi/5)
.
Combining the above we obtain the desired results. 
Lemma 2.4. For n ≡ ±3 (mod 10), we have
sin(npi/5)
sin(pi/5)
=
±1±√5
2
and
sin(2npi/5)
sin(2pi/5)
=
±1∓√5
2
.
Proof. It suffice to note that
sin(3pi/5)
sin(pi/5)
=
sin(2pi/5)
sin(pi/5)
= 2 cos
pi
5
=
1 +
√
5
2
and
sin(6pi/5)
sin(2pi/5)
= −sin(4pi/5)
sin(2pi/5)
= −2 cos 2pi
5
=
1−√5
2
.
We are done. 
Lemma 2.5. Let p 6= 2, 5 be a prime. If p ≡ ±1 (mod 10), then
2Fp−1 − F2p−2 ≡ 0 (mod p2) and 2Lp−1 − L2p−2 ≡ 2 (mod p2).
If p ≡ ±3 (mod 10), then
2Fp−2 + F2p−1 ≡ −2 (mod p2) and 2Lp−2 + L2p−1 ≡ 4 (mod p2).
Proof. It is well known that for any n ∈ N we have
F2n = FnLn and L2n = L
2
n − 2(−1)n.
(See, e.g., [R].) By [SS] or [ST2], Lp−( p
5
) ≡ 2( p5 ) (mod p2). Thus, if
p ≡ ±1 (mod 10) (i.e., ( p
5
) = 1), then
2Fp−1 − F2p−2 = Fp−1(2− Lp−1) ≡ 0 (mod p2)
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and
2Lp−1 − L2p−2 = 2Lp−1 − (L2p−1 − 2) ≡ 2× 2− (22 − 2) = 2 (mod p2).
Now assume that p ≡ ±3 (mod 10). Then
Fp+1 = Fp−( p
5
) ≡ 0 (mod p), Lp+1 = Lp−( p
5
) ≡ 2
(p
5
)
= −2 (mod p2),
and
Lp = 1 +
5
2
Fp−( p
5
) = 1 +
5
2
Fp+1 (mod p
2).
(Cf. [SS] and [ST2].) Thus
Lp−2 = 2Lp − Lp+1 ≡ 2 + 5Fp+1 − (−2) = 4 + 5Fp+1 (mod p2)
and
L2p−1 =L2p+2 − 2L2p = L2p+1 − 2− 2(L2p + 2)
≡(−2)2 − 2− 2
((
1 +
5
2
Fp+1
)2
+ 2
)
≡ −4− 10Fp+1 (mod p2).
It follows that
2Fp−2 + L2p−1 ≡ 8 + 10Fp+1 − 4− 10Fp+1 = 4 (mod p2).
Observe that
Fp = 2Fp+1 − Lp ≡ 2Fp+1 −
(
1 +
5
2
Fp+1
)
= −1− 1
2
Fp+1 (mod p
2)
and hence
Fp−2 = 2Fp − Fp+1 ≡ −2− 2Fp+1 (mod p2).
Note also that
F2p−1 =F2p+2 − 2F2p = Fp+1Lp+1 − 2FpLp
≡− 2Fp+1 + 2
(
1 +
1
2
Fp+1
)(
1 +
5
2
Fp+1
)
≡− 2Fp+1 + 2(1 + 3Fp+1) = 4Fp+1 + 2 (mod p2).
Therefore
2Fp−2 + F2p−1 ≡ −4− 4Fp+1 + 4Fp+1 + 2 = −2 (mod p2).
The proof of Lemma 2.5 is now complete. 
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Lemma 2.6. Let p be an odd prime. Suppose that cos θ is an algebraic
p-adic integer. Then
p−1∑
k=0
(
2k
k
)
(2 + 2 cos θ)p−1−k = 2(2 cos θ + 2)(p−1)/2
sin(pθ/2)
sin(θ/2)
− sin(pθ)
sin θ
and
p−1∑
k=0
(
2k
k
)
(2− 2 cos θ)p−1−k = 2(2 cos θ − 2)(p−1)/2 cos(pθ/2)
cos(θ/2)
− sin(pθ)
sin θ
.
Proof. Note that if we replace θ in the first equality by pi − θ we then get
the second equality. So it suffices to prove the first equality.
In view of Lemma 2.1, we have
p−1∑
k=0
(
2k
k
)
(2+2 cos θ)p−1−k ≡ 2up
(
4 cos2
θ
2
, 4 cos2
θ
2
)
−up(2 cos θ, 1) (mod p2).
With the help of Lemma 2.2,
2up
(
4 cos2
θ
2
, 4 cos2
θ
2
)
− up(2 cos θ, 1)
=2
(
2 cos
θ
2
)p−1
Up−1
(
cos
θ
2
)
− Up−1(cos θ)
=2(2 + 2 cos θ)(p−1)/2
sin(pθ/2)
sin(θ/2)
− sin(pθ)
sin θ
.
We are done. 
Lemma 2.7. Let p be an odd prime. Then
Up−1(x) ≡ (−1)(p−1)/2
(p−1)/2∑
k=0
(
2k
k
)
16k
(4x2)k (mod p2).
Proof. Let n = (p− 1)/2. By an observation of the author’s brother Z. H.
Sun, for k = 0, . . . , n we have
(
n+ k
2k
)
=
∏
0<j6k(p
2 − (2j − 1)2)
4k(2k)!
≡
∏
0<j6k(−(2j − 1)2)
4k(2k)!
=
(
2k
k
)
(−16)k (mod p
2).
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Thus
Up−1(x) =
n∑
k=0
(−1)k
(
p− 1− k
k
)
(2x)p−1−2k
=
n∑
k=0
(−1)k
(
n+ (n− k)
n− (n− k)
)
(2x)2(n−k)
=
n∑
k=0
(−1)n−k
(
n+ k
n− k
)
(2x)2k
≡(−1)n
n∑
k=0
(
2k
k
)
16k
(4x2)k (mod p2).
This concludes the proof. 
Lemma 2.8. Let p be an odd prime and set p∗ = (−1)(p−1)/2p. Suppose
that cos θ is an algebraic p-adic integer. Then
(p−1)/2∑
k=0
(
2k
k
)
16k
(
(2 + 2 cos θ)k ± (2− 2 cos θ)k) ≡ 2sin((p∗ ± 1)θ/2)
sin θ
(mod p2).
Proof. Let n = (p− 1)/2. Since
4 cos2
θ
2
= 2 + 2 cos θ,
by Lemma 2.7 we have
(−1)n
(p−1)/2∑
k=0
(
2k
k
)
16k
(2 + 2 cos θ)k ≡ Up−1(cos θ) = sin(pθ/2)
sin(θ/2)
(mod p2)
and also
(−1)n
(p−1)/2∑
k=0
(
2k
k
)
16k
(2− 2 cos θ)k
≡Up−1(cos(pi − θ)) = sin(p(pi − θ)/2)
sin((pi − θ)/2) = (−1)
n cos(pθ/2)
cos(θ/2)
(mod p2).
Thus
(p−1)/2∑
k=0
(
2k
k
)
16k
(
(2 + 2 cos θ)k ± (2− 2 cos θ)k)
≡(−1)n sin(pθ/2)
sin(θ/2)
± cos(pθ/2)
cos(θ/2)
=
sin(p∗θ/2)
sin(θ/2)
± cos(p
∗θ/2)
cos(θ/2)
≡sin((p
∗ ± 1)θ/2)
(sin θ)/2
(mod p2).
We are done. 
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3. Proofs of Theorems 1.1-1.4
Proof of Theorem 1.1. (i) Let us first prove the first and the second
congruences in Theorem 1.1. Since L2k +F2k = 2F2k+1 for any k ∈ N, we
only need to show the first congruence and the following one:
p−1∑
k=0
L2k
(
2k
k
)
≡ (−1)⌊p/5⌋
(
3
(p
5
)
− 1
)
(mod p2).
Set
α =
1 +
√
5
2
and β =
1−√5
2
.
By Lemma 2.3 we have
p−1∑
k=0
(
2k
k
)
L2k =
p−1∑
k=0
(
2k
k
)
(α2k + β2k)
=2αp−1
sin(2ppi/5)
sin(2pi/5)
− α2p−2 sin(ppi/5)
sin(pi/5)
+ 2βp−1
sin(ppi/5)
sin(pi/5)
− β2p−2 sin(2ppi/5)
sin(2pi/5)
.
Thus, if p ≡ ±1 (mod 10) then
p−1∑
k=0
(
2k
k
)
L2k = ±(2αp−1 − α2p−2 + 2βp−1 − β2p−2) = ±(2Lp−1 − L2p−2).
When p ≡ ±3 (mod 10), by Lemma 2.4 and the above we have
p−1∑
k=0
(
2k
k
)
L2k =2α
p−1(±β)− α2p−2(±α) + 2βp−1(±α)− β2p−2(±β)
=± 2αβ(αp−2 + βp−2)∓ (α2p−1 + β2p−1) = ∓2Lp−2 ∓ L2p−1.
In light of Lemma 2.3, we also have
√
5
p−1∑
k=0
(
2k
k
)
F2k =
p−1∑
k=0
(
2k
k
)
(α2k − β2k)
=2αp−1
sin(2ppi/5)
sin(2pi/5)
− α2p−2 sin(ppi/5)
sin(pi/5)
− 2βp−1 sin(ppi/5)
sin(pi/5)
+ β2p−2
sin(2ppi/5)
sin(2pi/5)
.
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Thus, if p ≡ ±1 (mod 10) then
√
5
p−1∑
k=0
(
2k
k
)
F2k =± (2αp−1 − α2p−2 − 2βp−1 + β2p−2)
=±
√
5(2Fp−1 − F2p−2).
When p ≡ ±3 (mod 10), by Lemma 2.4 and the above we have
√
5
p−1∑
k=0
(
2k
k
)
F2k =2α
p−1(±β)− α2p−2(±α)− 2βp−1(±α) + β2p−2(±β)
=± 2αβ(αp−2 − βp−2)∓ (α2p−1 − β2p−1)
=∓
√
5(2Fp−2 + F2p−1).
In view of the above and Lemma 2.5, we have proved the first and the
second congruences in Theorem 1.1.
(ii) Recall that
cos
2pi
5
=
√
5− 1
4
and cos
pi
5
=
√
5 + 1
4
.
Applying Lemma 2.7 we get
(−1)n
n∑
k=0
(
2k
k
)
16k
(
1−√5
2
)2k
≡ Up−1
(
cos
2pi
5
)
=
sin(2ppi/5)
sin(2pi/5)
(mod p2)
and
(−1)n
n∑
k=0
(
2k
k
)
16k
(
1 +
√
5
2
)2k
≡ Up−1
(
cos
2pi
5
)
=
sin(ppi/5)
sin(pi/5)
(mod p2).
Combining this with Lemma 2.4 we can easily deduce the third and the
fourth congruences in Theorem 1.1. (Note that 2F2k+1 = F2k + L2k for
k ∈ N.)
So far we have completed the proof of Theorem 1.1.
Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1. Observe
that
4 cos2
pi
10
= 2+ 2 cos
pi
5
=
5 +
√
5
2
and 4 cos2
3pi
10
= 2+ 2 cos
3pi
5
=
5−√5
2
.
So we may employ the results on F(p±1)/2 and L(p±1)/2 modulo p
2 in [SS]
to get the four congruences with helps of Lemmas 2.6 and 2.8. 
Proof of Theorem 1.3. To get the desired congruences we may apply Lem-
mas 2.6 and 2.8 with θ = pi/6 and use the results on S(p±1)/2 and T(p±1)/2
modulo p2 in [S02]. 
Proof of Theorem 1.4. Apply Lemmas 2.6 and 2.8 with θ = pi/4 and use a
result in [Su]. 
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4. Some open conjectures
In this section we formulate several open conjectures.
Conjecture 4.1. For any n ∈ Z+ we have
(−1)⌊n/5⌋−1
(2n+ 1)n2
(
2n
n
) n−1∑
k=0
F2k+1
(
2k
k
)
≡


6 (mod 25) if n ≡ 0 (mod 5),
4 (mod 25) if n ≡ 1 (mod 5),
1 (mod 25) if n ≡ 2, 4 (mod 5),
9 (mod 25) if n ≡ 3 (mod 5).
Also, if a, b ∈ Z+ and a > b then the sum
1
52a
5a−1∑
k=0
F2k+1
(
2k
k
)
modulo 5b only depends on b.
Recall that the usual q-analogue of n ∈ N is given by
[n]q =
1− qn
1− q =
∑
06k<n
qk
which tends to n as q → 1. For any n, k ∈ N with n > k,[
n
k
]
q
=
∏
0<r6n[r]q
(
∏
0<s6k[s]q)(
∏
0<t6n−k[t]q)
is a natural extension of the usual binomial coefficient
(
n
k
)
. A q-analogue
of Fibonacci numbers introduced by I. Schur [Sc] is defined as follows:
F0(q) = 0, F1(q) = 1, and Fn+1(q) = Fn(q) + q
nFn−1(q) (n = 1, 2, 3, . . . ).
Conjecture 4.2. Let a and m be positive integers. Then we have the
following congruence in the ring Z[q]:
5am−1∑
k=0
q−2k(k+1)
[
2k
k
]
q
F2k+1(q) ≡ 0 (mod [5a]2q).
Conjecture 4.3. For any n ∈ Z+ we have
(−1)n−1
n2(n+ 1)
(
2n
n
) n−1∑
k=0
Sk+1
(
2k
k
)
≡


1 (mod 9) if n ≡ 0, 2 (mod 9),
4 (mod 9) if n ≡ 5, 6 (mod 9),
−2 (mod 9) otherwise.
Also, if a, b ∈ Z+ and a > b− 1 then the sum
1
32a
3a−1∑
k=0
Sk+1
(
2k
k
)
modulo 3b only depends on b.
CURIOUS CONGRUENCES FOR FIBONACCI NUMBERS 15
Conjecture 4.4. Let p > 3 be a prime. Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
((−1)k − (−3)−k) ≡
(p
3
)
(3p−1 − 1) (mod p3).
Remark. The congruence mod p2 follows from [S09b].
Conjecture 4.5. Let p be a prime with p ≡ ±1 (mod 12). Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
(−1)kSk ≡ (−1)(p−1)/2Sp−1 (mod p3).
Remark. The author can prove the congruence mod p2.
Conjecture 4.6. Let p be a prime with p ≡ ±1 (mod 8). Then
p−1∑
k=0
(
p− 1
k
)(
2k
k
)
uk(4, 2)
(−2)k ≡ (−1)
(p−1)/2up−1(4, 2) (mod p
3).
Remark. The author has proved the congruence mod p2.
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